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Abstract 

We study a generalisation of operator spaces modelled on L p spaces, instead of Hilbert spaces, 
using the notion of p-complete boundedness, as studied by Pisier and Le Merdy. We show that 
the Figa-Talamanca-Herz Algebras A P (G) becomes quantised Banach algebras in this framework, 
and that the cohomological notion of amenability of these algebras corresponds to amenability of 
the locally compact group G. We thus argue that we have presented a generalised of the use of 
operator spaces in studying the Fourier algebra A(G), in the spirit of Ruan. Finally, we show 
that various notions of multipliers of A P (G) (including Herz's generalisation of the Fourier-Stieltjes 
algebra) naturally fit into this framework. 
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1 Introduction 

The Fourier algebra, A(G), of a locally compact group G is the collection of coefficient 
functionals / : G — > C of the form 

f(g) = [X(g)(x),y] (g G G), 

where x,y G L 2 (G) and A is the left-regular representation of G on L 2 {G). Eymard 
defined and studied this commutative Banach algebra in [TO]. For an abelian group G, 
the Fourier transform shows that A(G) is nothing by L\{G), where G is the dual group 
of G. As such, A(G) is amenable as a Banach algebra, and for another abelian group 
H, we have that A(G)(§>A(H) = A(G x H). However, as first noted by Johnson in [18], 
there exist compact groups G for which A(G) is not amenable. Thus the Banach algebra 
A(G) does not seem to capture some properties of the group G. 

In [29], Ruan showed that when A(G) is considered as an operator space (and hence as 
a quantised Banach algebra), we have that A(G) is amenable if and only if G is amenable, 
and that A(G)®A(H) = A(G x H) for all locally compact groups G and H (here we use 
the operator space projective tensor product). These results provide some compelling 
evidence that A(G) is best viewed as an operator space, and not simply as a Banach 
algebra. 

In pj] , Figa-Talamanca introduced a natural generalisation of the Fourier algebra, for 
abelian and compact groups, by replacing L 2 (G) by L P (G). In [17] . Herz extended the 
definition to arbitrary groups, leading to the commutative Banach algebra A P (G), now 
called the Figa-Talamanca-Herz algebras. In many ways these algebras behave like A(G); 
for example, Leptin's theorem (see [HI Theorem 6] or [261 Section 10]) states that G is 
an amenable group if and only if A P (G) has a bounded approximate identity. 
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There have been a number of attempts to give A P (G) an operator space structure. In 
[31] , Runde used some of Pisier's work on interpolation spaces to define an operator space 
version of A p (G), denoted OA p {G). Unfortunately, while OA 2 {G) = A{G) as Banach 
spaces, the operator space structure can differ; furthermore, OA p (G) can fail to be equal 
to A P (G), even as a Banach space, for p ^ 2. In [21] . the authors use Lambert's ideas of 
row and column operator spaces to define an operator space structure on A p (G) which 
turns A p (G) into a bounded (but not contractive) quantised Banach algebra, and in such 
a way that A 2 (G) = A(G) completely isometrically. Furthermore, A P (G) is amenable in 
this framework if and only if G is an amenable group. 

In this paper, we shall use ideas of Pisier and Le Merdy to define the notion of a p- 
operator space (for 1 < p < oo, with a 2-operator space being simply an operator space). 
We show that the algebras A P (G) then carry a natural p-operator space structure. We 
investigate the amenability of A P (G) in this framework, and also study the p-completely 
bounded multipliers of A p (G). 

2 Banach spaces 

In this section we shall gather together some basic results on Banach spaces. Let E be a 
Banach space, and denote by E' the dual space of E. For x E E and [i E E', we write 
(/i, x) for fi(x) (we use angle brackets for bilinear products, and occasionally use square 
brackets for sesquilinear products). There is a canonical isometry ke : E — > E" defined 
by (ke(x),(j,) = (fi, x). When ke is an isomorphism, we say that E is reflexive 

Let E and F be Banach spaces, and consider the algebraic tensor product E ®F. We 
define the projective tensor norm || • 1 1 ^ on E ® F by 

\\r\\ n = inf | ^ \\ x k\\\\yk\\ : r = ^2 x k ® Vk\ (t e E&F). 

k k 

The completion of E<giF with respect to || • \\ w is denoted by E®F. It is a simple exercise 
to show that (E®F)' = B(E, F') = B(F, E ) by the identification 

(T, x ® y) = (T(x),y) (T E B(E, F'), x E E,y E F). 

Here we write B(E, F) for the Banach space of bounded linear operators from E to F . 
We write B(E) for B(E,E). 

Alternatively, we may embed E®F into B(E', F), which leads to the definition of the 
injective tensor norm \\ ■ \\ e , and the injective tensor product E®F. Then E' ® F can be 
identified with the finite rank operators from E to F, denoted by T{E,F). The closure 
of J-'iE, F) in B(E, F) is the approximable operators from E to F, denoted by A(E, F). 
Thus E'®F = A{E,F). 

There is an obvious norm- decreasing map J : E'®E — > E'®E = A(E), whose image 
is the nuclear operators, M{E). We give M{E) the quotient norm coming from M{E) = 
E'®E/ ker J. When J is injective, we say that E has the approximation property. See 
[33] or [7] for further details on these ideas. 

3 Amenable Banach algebras 

We shall eventually apply our results to the study of when certain Banach algebras are 
amenable (in various senses). However, we shall also need some ideas from this area as 
we go along, so we introduce the needed ideas now. 
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Let A be a Banach algebra, and let 22 be an ^4-bimodule. A linear map d : A — > 22 
is a derivation if <2(ao) = a • <2(J>) + d(a) ■ b for a, 6 G A We shall assume that all our 
derivations are bounded. For x G E, define d x : A — > E by d x (a) = a ■ x — x ■ a, for a £ A. 
Then d x is a derivation, called an inner derivation. A Banach algebra A is amenable 
when every derivation from A to a dual bimodule is inner. See the book [30] for details 
about amenable Banach algebras, for example. 

Johnson showed in [19] that for a locally compact group G, one has that G is amenable 
if and only if the group algebra L\(G) is amenable. Recall that a group G is amenable 
when there is a left-invariant mean for L QO (G). See [25] or [26] for details about amenable 
groups. Johnson also provided a useful characterisation of when an algebra is amenable. 

Definition 3.1. Let A be a Banach algebra. A bounded net (d a ) in A® A is an approx- 
imate diagonal if 

lim \\a ■ d a — d a ■ a\\ = 0, lim \\aA_A(d a ) — a\\ — (a G ^4). 

a a 

Here : A® A — > A is the linearisation of the product, defined by A^(a <g> 6) = ao. 

Theorem 3.2. Let A be a Banach algebra. Then A is amenable if and only if A has an 
approximate diagonal. When G is an amenable group, we may choose an approximate 
diagonal for L\{G) which is bounded by 1. 

Proof. See [30], Chapter 2] for example. □ 

Let A be a Banach algebra, and let E be a left ^4-module. Let A C E = {T G <B(22) : 
T(a ■ x) = a ■ T(x) (a G A, x G 22)}, the commutant of ^4 in E. Then a projection 
<2 : £>(22) — ► A% is a quasi- expectation when Q(TSR) = TQ(S)R for T,R E A% and 

Proposition 3.3. Let ^4. 6e an amenable Banach algebra, and let E be a reflexive left 
A-module. Then there is a quasi- expectation Q : 13(E) — > ^4^. 

Proof. We sketch a proof (see [301 Theorem 4.4.11] for example). Let (d a ) be an approx- 
imate diagonal for A, and let d a = a « Q ' ) ® &n for each a. As 22 is reflexive, by 
moving to a subnet if necessary, we may define 

CO 

(fi, Q(T)(x)) = lim V ( M ,aW • T(&W • x)> (x E E, fi E E', T G 25(22)). 

a ' * 

n=l 

Then Q is a linear operator, and ||<2|| < limsup a \\d a \\. Clearly, if T G A%, then Q(T) = 
T. Conversely, as d a is an approximate diagonal, for x G E, \i G 22', a G ^4 and T G 13(E), 

oo 

(//, Q(T)(a ■ x) - a • Q(T)(x)) = lim V (ji,a^ ■ T(b^a ■ x) - aa™ ■ T(b£> ■ x)) = 0, 

a ' * 

n=l 

so that Q(T) G A%. Thus Q is a projection onto A%. Similarly, for T, 2? G ^4^. and 
S G 23(22), it is easy to check that Q(TSR) = TQ(S)R. ~ □ 

It is shown in [H] that, in a certain sense, the converse to the above is true. When 
A is a von Neumann algebra, we follow [30] and define A to be Connes- amenable using 
the same definition as for amenability, but insisting that everything is suitably weak*- 
continuous (this is commonly just referred to as the suitable definition of "amenable" for 
von Neumann algebras). Then A is Connes-amenable if and only if there is an expectation 
(that is, a norm-one projection) from 13(H) to A, where H is any Hilbert space such that 
A C 25(22) is a concrete realisation of the von Neumann algebra A. It is well-known (see 
[3"6"| Chapter III, Theorem 3.4]) that an expectation is always a quasi-expectation. 
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4 £>-operator spaces 



Let SQ P be the collection of subspaces of quotients of L p spaces, where we identify spaces 
which are isometrically isomorphic. Let fi be a measure, and E a Banach space. We 
define a norm on the algebraic tensor product L p (fi) © E by embedding L p (//) © into 
L p (/i, £") in the obvious way. Let the completion be denoted by L p (/i) © p E. It is easy 
to see that L p (n) © -B is dense in L p (/i, E), so that L p (fj,) ® p E = L p (fi, E) isometrically. 
An important property of SQ P spaces is the following. For E,F G SQ P , we have that 
for T G B(L p (ji)) and S G B(E, F), the operator T © S is bounded as an operator from 
L p (/i) © p E to L p (fj,) © p F, with norm ||T||||5'||. See [3, Section 7] or the survey paper [H] 
for further information. 

For n G N, let be C n with the £ p -norm. Similarly, ^ p (7) is the usual l p space over 
an index set J; we set l p to be £ P (N). Throughout, we shall let p' be the conjugate index 
to p, so that p~ x + = 1. 

An abstract characterisation of SQ P spaces is the following, which goes back to 
Kwapien (see [2H Theorem 3.2] for example). For a square matrix a = (a^) G M n , 
we let a induce an operator on £ p , which leads to the norm 

IMIfl(<») = sup {(5^ ) : (x j )] =1 CC,J2\ x j\ P < 1 }- 



i=l j=l 
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We have that E G SQ P if and only if, for each n and each a = (ay) G M n , we have that 



n n , , 



sup 



1=1 j=l j=l 



4.1 p-operator spaces 

We now introduce some ideas studied in [2H], and especially [21], although we introduce 
some new notation. A concrete p-operator space is a closed subspace of 13(E), for some 
E G iSQp. Notice that we could equally define this by using B(E, F) instead, for E,F G 
SQ P . This follows, as we can identify B(E, F) with a closed subspace of B(E@ P F), where 
E ® P F is the direct sum of E and F together with the norm ||e©/|| = (||e|| p + ||/|| p ) 1/p 
for e G E and / G F. 

For a concrete p-operator space X C B(E), for each n > 0, we define a norm || ■ || n on 
M n (X) = M n ® X by identifying M n (A) as a subspace of B(£ p ® p E). It is easy to see 
that the norms || ■ ||„ satisfy: 

"Doo for u G M n (X) and v G M m (A), we have that ||M©t>||„ +m = max(||«|| n , ||t> || m ). Here 
u © v G M n+m (A) has block representation 

M p for m G M m (X), a G M n , m and (3 G M mi „, we have that ||cra/3|| n < ||a|| ||M|| m ||/3||. 
Here au(5 is the obvious matrix product, and we define ||a|| to be the norm of a as 
a member of B(P^,P^), and similarly for (3. 

An abstract p-operator space is a Banach space X together with a family of norms 
|| • ||„ defined by M n (X) satisfying the above two axioms. When p = 2, the above 
axioms are just Ruan's axioms, and so 2-operator spaces are just operator spaces. Here, 
and throughout, we refer to [9] for details on operator spaces. Then [241 Theorem 4.1] 
shows that an abstract p-operator space X can be isometrically embedded in B(E) for 
some E G SQ P , and in such a way that the canonical norms on M„(X) arising from 
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this embedding agree with the given norms. Henceforth, we shall just talk of p-operator 
spaces. We shall tend to abuse notation, and write || • || instead of || • || n , where there can 
be no confusion. 

The natural morphisms between p-operator spaces are the p- completely bounded maps, 
as first studied in [28] . A linear map u : X — > Y between p-operator spaces induces a 
map (u) n : M n (X) — > M n (Y) in an obvious way. We say that u is p- completely bounded 
if IMIpcb := sup n ||(w)n|| < oo. Similarly, we have the notions of p-completely contractive 
and p-completely isometric. We write CB P (X, Y) for the Banach space of all p-completely 
bounded maps from X to Y. 

Pisier proved a factorisation scheme for p-completely bounded maps. Let E G SQ P , 
let J be some index set, and let <j>j be a measure, for each j G J. Let U be an ultrafilter 
on J, so that we may form the ultraproduct E = (L p ((f)j, E))u- Notice that E G SQ P 
(see [13J for details about ultraproducts of Banach spaces). For each j G J, B(E) acts 
naturally on L p ((f)j,E), and so we get a canonical homomorphism 71 : 13(E) — > 13(E). 
Now suppose that X C 13(E) is a p-operator space. Let N C M C E and N C M C E 
be closed subspaces such that, for each x G X, ir(x) maps N into N and M into M. 
Hence, for each x G X, tt(x) naturally induces a map, denoted ft(x), from G = M/N to 
G = M/N. Notice that G,G G SQp. We call the map ft a p -representation from X to 

Theorem 4.1. Let E,F G ^Qp, X C 6e a p-operator space, and let u : X — > 

5e a linear map. Thenu is p- completely bounded with ||w||p C b ^ C if and only if there 
exists a p -representation ft : X — > G) anc? operators U : F — >• G and V : G — > F 
suc/i that 

u(x) = Vn(x)U (x G X). 
Proof. This is fIE\ Theorem 2.1], although we have followed the presentation of [24J. □ 

As noted by Pisier after the statement of [28, Theorem 2.1], if X C 13(E) is a unital 
closed subalgebra, we may suppose that M = M and N = N, so that G = G. 

As for operator spaces, we define a norm on M. n (CB p (X, Y)) by identifying this space 
with CB p (X,M. n (Y)). It is then an easy check to see that these norms satisfy the above 
axioms, and so Le Merdy's theorem tells us that CB P (X, Y) is itself a p-operator space. 

For the next result, we give C the obvious p-operator space structure: that is, M n (C) = 

B(e%). 

Lemma 4.2. Let X be a p-operator space, and let \x G X' , the Banach dual space of X . 
Then fi is p-completely bounded as a map to C, and \\n\\ pc b — HHI- 

Proof. We cannot simply follow the usual operator-space proof. In the p = 2 case, we 
have Smith's Lemma available, which tells us that for a map u : X — ► M n , we have that 
||it||c& = ||(n) n ||. An examination of the proof of [HI Lemma 2.2.1] shows that we cannot 
hope for an extension to the general p case. 

We wish to show that (p) n : M n (X) — ► B(£p) is bounded, with norm \\p,\\. Let 
x = (xij)™ j=l G M n (X), so that (jj,) n (x) = ((/i, %•)). Let a = («j)™ =1 G £ p and j3 = 
(■h)'; : e fy. Then 

n n 

(0, (fx) n (x)(a)) = ^ Pi(t*i x ij) a j = (Z 1 ' & x v a j)- 

i,j=l i,j=l 

We may regard a as a member of M njl , from which it follows that ||a||g^x^nj = ||a|| p , 
and similarly /3 G M ln with = \\/3\\ P '- So from axiom M. p it follows that 
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< ||/5||p'||x|| n ||a|| p , and so 

\(P,(li) n (x)(a))\ < IMI||/?IUMUIMIp- 

This implies that ||(/i) n (x)|| < ||x|| n , which in turn implies that ||(/i) n || < as 
required. □ 

As this proof indicates, we shall have significant problems extending many results 
from operator spaces to p-operator spaces. Indeed, the evidence below suggests that the 
current definitions might be wrong, in that we are unable to prove simple properties 
which one would naturally want to hold. 

We may hence identify X' with CB P (X, C), and from this it follows that X' is also a p- 
operator space. We may use Le Merdy's Theorem to show that X' admits a representation 
X' C B(E) for some E G SQ P . In fact, in this special case, we have a more concrete 
embedding. 

Theorem 4.3. Let X be a p-operator space. There exists a p-complete isometry $ : 
X' — > B(£ P (I)) for some index set I . 

Proof. We follow [9j Proposition 3.2.4]. For each n G N, let s n be the unit sphere of 
M n (X), and let s = [J n s n . For x G s, let n(x) G N be such that x G s n ( x y Then let 

E be the £ p -direct sum of the spaces {ip : x G s}, so that E is isometric to £ P (I) for 
some index set /. For jj, G X' and x G s, we have that G M n ( x ) = B(£ p ^), with 
IWaOH < IMI HHI = IIHI- For a — ( a x)xes £ E and /i G X', we may hence define 

$0)(a) = (x(//)(a cc )) ;ces , 

and we see that $ is norm-decreasing. Indeed, clearly /i attains its norm on s±, so that 
$ is an isometry. 

For (i G M m (X'), by definition, 

11/4 = sup{|((/i,x))| : n G N,x G M„(X), ||a;|| = 1} = sup{|((^, x))\ : x e s}. 

Following the notation in [Sj, for x = (a;^) G M n (X) and /i = (fiki) G M m (X'), we 
let ((/!,£)) = {(^ki,Xij)){ k ,i),(i,j) e M m ® M n = M mxn . We then see that = 
(((//, x))) x . es , so that ($) n is an isometry, and hence $ is a p-complete isometry as required. 

□ 

We now come to our first problem. Let X be a Banach space, and recall the isometric 
map k = Kx '■ X — > X" defined by (kx(x), /i) = (fi, x) for x G X and /i G X' . 

Proposition 4.4. Let X be a p-operator space. Then k,x is a p-complete contraction. 
Furthermore, k x is a p-complete isometry if and only if X C B(L p (<p)) p-completely 
isometrically for some measure <fi. 

Proof. For x = (xij) G M n (X), by definition, 

H(«)n(aOHn = su v{\\{{( K ( x ij)),v))\\ -meN^E M m (X'), ||/i|| m = 1} 

= sup{||((^,x})|| : m G N,fi G M m (X'), ||//|| m = l} < \\x\\ n , 

so that k is a p-complete contraction. 

Suppose now that k is a p-complete isometry. From the above theorem, we know that 
X" C B(l p (I)) for some index set I. Thus X = k(X) C B(£ p (I)), as required. 

Conversely, suppose that X C -B(-E) for = L p (<f>) for some measure 0. To show 
that k is a p-complete isometry, we need to show that for each x G M„(X) and e > 



G 



there exists m G N and a p-complete contraction u G CB P (X, M m ) = M m (X') with 
11^0*0 ||m > II^IU — e - When p = 2, we may use (9j Lemma 2.3.4] and take n = m and 
e = 0. However, for other values of p we have to work harder. 

Let x = (xij) G M„(X) C B(£™ ® p E). For e > 0, there exists (a;)™ =1 C £ with 



EE 

i=l 3=1 



P\ VP 



> \\x\L - e. 



Let hi = Y^=i x iji a j) f° r 1 — * — n - Let 5 > to be chosen later. By standard properties 
of E = L p ((f)), there exists m G N and an isometry U : £™ —>■ E such that for each j, there 
exists fj G £™ with \\U(fj) — aj\\ < 5. Similarly, there exists a contraction V : E — > £™ 
such that (1-5)116,11 < ||V(&i)|| < (l + <J)||6i|| for each z. 

Define w : X — > B{1™) by u(:r) = VxU for a; G X. A simple calculation shows that u 
is a p-complete contraction, as H^IIHV^I < 1. Then 



n . . n n 



i/p 

3=1 i=l 3=1 



P\ 1/P 

> x L-2e, 



if 5 > is sufficiently small. Similarly, if 5 > is sufficiently small, then Y^j=i \\U{fj)\\ p — 
Y^j=i \\ a j\\ P + e — 1 + e - Hence || || m can be chosen to be arbitrarily close to \\x\\ n , 
as required. □ 

The following was communicated to us by Christian Le Merdy. Suppose that X C 
B(L p ((f>)) for some measure 0, and that X is finite dimensional with M n l (X) = £p(X) 
for each n. Pick e > 0, and let (xi, . . . , x n ) be an e-dense subset of the unit sphere of X 
(which exists as X is finite dimensional). Then 



n i/p 11 i/p 

W Xk W P ) = \\M\\u n>1 (X) := SU P{(5Z II^HH P ) : W e L P^)' W W \\ ^ 1 }- 

k=l k=l 



There hence exists w e G L p (<f)) with \\w e \\ = 1 and ||xfc(w e )|| > \\xk\\ — e = 1 — e for each 
k. Define T e : X — > L p (4>) by T(x) = x(w e ) for x G X. For x G X with ||x|| = 1, let 
\\x — Xk\\ < e, so that 

1 = ||x|| > ||T e (x)|| = \\x(w e )\\ > \\x k {w e )\\ - e > 1 - 2e. 

By homogeneity, (1 — 2e)||x|| < ||T e (x)|| < \\x\\ for each x G X. A simple ultrapower 
argument then shows that we may construct an isometry X — > L p (ip) for some measure 
ip (recall that an ultrapower of L p (<p) is equal to L p (ip) for some ■0). 

Now let E C £™ be some subspace. We give £™ the p-operator space structure given 
by the identification £™ = £>(C,£™), and then make E a subspace. Then M njl (£™) C 
B(C, £™ ® p so that M n ,i(£™) = and similarly for £. In particular, 

WKA^/E) = M nil (^)/M n)1 (£) = = t p {£™/E). 

So, if i'T'/E C B(L p ((f))) for some measure 0, then i^/E C L p (ip) for some measure -0. 
However, for suitable chosen i?, this is nonsense. In particular, there exist p-operator 
spaces X (which may be finite-dimensional) such that Kx is not a p-complete isometry. 

Lemma 4.5. Let X and Y be p-operator spaces, and let u G CB P (X, Y). Then vl G 
CB P (Y',X') and \\u'\\ pcb < \\u\\ pcb . 
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Proof. This follows as for operator spaces, see |9j Proposition 3.2.2]. We cannot conclude 
that ||u'||pc6 = IMIpcft because of the problems we encountered above. □ 

Combining Theorem 14.31 and Proposition 14.41 we see that for every p-operator space 
A, we have that Kx 1 '■ X' — » X'" is a p-complete isometry. Actually, there is a much 
easier way to see this result. A simple calculation shows that k' x kx' = Ix>, and as the 
identity map if a p-complete isometry, so also must kx> be, as by the lemma, Kj x is a 
p-complete contraction. 

Let X and Y be p-operator spaces, and let u G CB P (X,Y). The u is a p-complete 
quotient map if, for each n, [u) n takes the open unit ball of M n (X) onto the open unit 
ballofM n (T). 

Lemma 4.6. Let X and Y be p-operator spaces, and let u : X — > Y be a p-complete 
quotient map. Then u' :Y' — > X' is a p-complete isometry. 

Proof. Let /i G M n (K') and e > 0, so that for some m, there exists y G M m (Y) with 
||?/|| m < 1 and \{{fj,,y))\ > \\fi\\ n ~ e- By assumption, we can find x G M. m (X) with 
||x|| m < 1 and u(x) = y, and so 

\\(u')M\\ n >\\((ii,u(x)))\\ > |M| n -e, 

which, as e > was arbitrary, shows that ||(w') n (//)|| n = ||/i|| n , as required. □ 

The lack of a suitable Hahn-Banach theorem for p-operator spaces (when p = 2 we 
have the Arveson-Wittstock theorem (9j Theorem 4.1.5]) means that we cannot show the 
converse to the above. 

We define subspaces of p-operator spaces in the obvious way. Given a p-operator space 
X and a closed subspace Y C X, we define a norm on Wl n (X/Y) by identifying this space 
with M n (X)/M n (Y). Then, as for operator spaces (see P, Proposition 3.11]) it is easy to 
check that X/Y becomes a p-operator space, and that the quotient map 7r : X — > X/Y 
is a p-complete quotient map. The above lemma then tells us that n' : (X/Y)' — > A' is 
a p-complete isometry. A simple calculation shows that the image of tt' is 

F^:={pG A': (//, y) = (y G F)}, 

so that we may identify (X/Y)' with y- 1 p-completely isometrically. Again, we have no 
such identification of V with a suitable quotient of A'. 

4.2 Tensor products 

We define the p-operator space projective tensor norm on the tensor product of two p- 
operator space A and Y to be 

||r|| A = inf {||a|||M||M|||/3|| : r = «(m®v)/5} (r G M n (X®Y)). 

Here we let u G M r (A) and u G M S (Y), so that u ® v G M rxs (A ® Y) in a natural way, 
and we take a G M njrxs and (3 G M rxSjn , so that a(u (8> G M„(A <8> Y) as required. 
This is exactly the definition for operator spaces, except that as above, we evaluate ||a|| 
as a member of £>(£", ip Xr ), and similarly \\(3\\ . We shall prove below that || • || A gives 
A ® Y an abstract p-operator space structure. Denote by A® P Y the completion. 

Proposition 4.7. Let X be a vector space, and for each n, let || • || n : M n (A) — > [0, oo) 
be a map such that: 

D'oa f or u e M„,(A) and v G M m (A) ? we have that \\u © u|| n +m < m ax(||M||„, ||u|| m ); 
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M. p foru G M m (X), a G M ni?7l and (3 G M. m>n , we have that \\au(3\\ n < ||a||||u|| TO ||/3||. 
Then each \\ ■ ||„ is a norm, and the completion of X becomes an abstract p- operator space. 
Proof. This follows exactly as for operator spaces, [HI Proposition 2.3.6]. □ 

Proposition 4.8. Let X and Y be p-operator spaces. Then || • || A induces a p-operator 
space structure on X (g> Y . Furthermore, \\ ■ || A is the largest such p-operator space norm 
with the additional property that \\u®v\\ < ||w|| r ||i;|| a for u G M r (X) and v G M S (Y). 

Proof. This follows as for operator space (see 0, Theorem 7.1.1]) with minor alterations. 
In [5], the authors use the C*-identity, in the p = 2 case, to estimate the norm of a matrix 
a G M r , s = B{t p , t r p ) of the block form 

_ (a x \ 
a ~ \ a 2 ) • 

However, we get the entirely elementary estimate that ||a|| < max(||o!i||, 1 1 c*; a 1 1 ) , which is 
all that is required. □ 



Let X, Y and Z be p-operator spaces, and let ip : X x Y — > Z be a bilinear map. We 
define bilinear maps 

(lp)r,s;t,u ■ Mr >s (X) x M t>u (Y) -> M rxt)SXU (Z); (x, y) ^ (^(^j, J/A.0) • 

Then we let (ip) r ; S = (V , )r,r;s,s> an d define 

\\ip\\ P cb = sup{ ||(V>)r !a || : r,s G N}. 

This leads to the definition of CB P (X xY, Z), which can be turned into a p-operator space 
in the same way as for CB P . 

Proposition 4.9. Let X, Y and Z be operator spaces. Then we have natural completely 
isometric identifications 

CB P (X® P Y, Z) = CB P (X xY,Z) = CB P (X, CB P {Y, Z)). 

Proof. This follows as for operator spaces, see [HI Proposition 7.1.2]. □ 

We hence see that, for example, (X® P Y)' = CB P (X,Y'). As for operator spaces (see 
0, Chapter 7]), we can now easily show that X® P Y = Y® P X naturally, and that the 
operator ® is associative. Furthermore, if U; L : X{ — > Y,- L are complete contractions for 
i = 1,2, then u\ ® u 2 extends to a complete contraction X\® X 2 — > Y\® Y%. 

Proposition 4.10. Let X,Y,Xi and Y\ be p-operator spaces, and let u : X —> X\ and 
v : Y — > Yi be p-complete quotient maps. Then u <8> v : X® P Y — > X\® Y\ is also a 
p-complete quotient map. Furthermore, ~kei{u®v) is the closure of the space 

(ker u) <g> Y + X <8> (ker v) C 

Proof. A careful examination of the proof for operator spaces, [HI Proposition 7.1.7], 
shows that the proof is equally valid for p-operator spaces. □ 
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5 Algebras 

In this section, we shall study weak*-closed subalgebras of B(E) for an SQ P space E. 
The starting point is to look at B(E) itself, and in particular, its predual E'®E. 

Let be a measure, and consider the space J\f(L p (4>)) of nuclear operators on L p (4>), 
so that Af(L p ((j))y = £>(L P (0)) as explained above. Thus J\f(L p (4>)) carries a natural 
p-operator space structure by duality. 

Lemma 5.1. With notation as above, B(L p (<j))) = A/"(L p (0))' p- completely isometrically. 

Proof. To ease notation, write M = N(L p ((f))) and B = B(L p ((p)). By definition, for 
t £ M n (J\f), we have that 

||r|| n = sup{ || ((r,T» || : m £ N,T £ M m (B), \\T\\ m < 1}. 

Here we have identified M. n (J\T) with a subspace of M n (B') = CB p (B,M n ), and it is 
easy to see that this subspace coincides with the space CB p (B, M n ) of weak*-continuous 
p-completely bounded maps from B to M n . 

For T £ M„(£>), let ||T||_y/ be the norm of T considered as a member of M n (jV / ) = 
CB p (M,Mn), so that 

||T||^=sup{|K(r,T))|| :meN,TeM m (Af),\\r\\ < 1} < ||T||. 

To show the converse, for e > 0, we wish to find r £ M m (A/") = CB p (B, M„) with 
|((r,T))|>||r||-6. 

By Proposition 14.41 we know that there exists r £ CB P (B, M m ) with this property. 
Following that proof, we see that r is defined to be r(T) = VTC/ for T £ £>, for suitable 
U : £™ —> L p ((p) and V : L p (0) — > A simple calculation shows that such a map is 
actually in CB p (B, M n ), which completes the proof. □ 

It will be useful to have a more concrete description of the norm on 7V(L p (0)). For 
ease of notation, let M = M{L p {4>)) and B = B{L P {4>)). Let n £ N and r £ M n (jV). 
Then, as above, ||r|| n = sup{||((T, r))|| : T £ M m (B), ||T|| m < 1}. For T £ M m (S), we 
have that 



n m n m 



\\((T, r»||=sup{|££££ ft^T*,, : £ Kf < 1> £ < l}- 

i=l k=l j=l 1=1 l,j k,i 

Suppose that r^- = Y^Li $ ® x r £ L p >((f))®L p ((f)) for each z, j. Treat T = {Tki) £ 
M m (£>) as an operator on £™ ® p L p (4>), given by T(<5; <g> x) = Xlfcli ^ ® Tm(x). Then 



|((T,r))|| = sup{| £ £^(/i^,T fci (x^))^| : £|^-r < < l} 

i,j,k,l r=l l.j k,i 

oo 

= su p { I £ £ ® ^\t^iA ® 4 ij) )) | = £ ki p < i. £ W < 1} 

i,j,k,l r=l l,j k,i 

oo 

= SU P { | £ £ fa ® M? , T(7i ® #)> I : £ ibiir < 1, £ \\Vi\\ P ' < l}, 



ij r=l 



where we have (77*) C and (7^) C £™. Thus, by the usual duality between A/"(£™ 
L p {4>)) and £>(£^ ® p L p (0)), we see that 



00 n 

SU P { || £ £ fa ® ^) ® (7i ® |[ : £ hit < 1, £ ||7if < 1}, (i) 



r=l i,j=l 
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where now m is also free to vary. 

Let AfP = Af(£ p ), so by the lemma, (JV£)' = B(£%) = M n . For a p-operator space X, 
we hence have that 

(Af%® P X)' = CB P (X, «)') = CB P (X, M n ) = M„(X'). 

In particular, 

{Nv% P Nl)' = MniiNlY) = M„(M m ) = M nxm , 
and so, as everything is finite-dimensional, 



M*tfM* = Af? xm , 
completely isometrically. 

Proposition 5.2. We have a natural completely isometric identification 

N(£ P )® P M(£ P ) = Af(£ p ® p £ p ). 

Proof. We follow the proof of P Proposition 7.2.1]. For n G N, let i n : £™ — > £ p be the 
inclusion onto the first n co-ordinates, and let p n : £ p — > £™ be the natural projection. 
Thus the maps 

j n : Af(Q -> W(£ p ); r i-> ^rp„, 
Pn:Ar(£ p )^AT(^); a^ Pn ai n , 

are, respectively, a complete isometry and a complete quotient map such that P n j n is the 
identity. Thus j n P n is a completely contractive projection of Af(£ p ) onto W^. 
For n, m, we have the commutative diagram 

N(£ P )® P N(£ P ) AT{£ P ® p £ p ) 

As above, we know that the top row is a complete isometry. From the previous paragraph, 
we know that j n ®j m is a complete isometry, and similarly, the right column is a complete 
isometry. The union of the spaces M p ® N™ is norm dense in N \£ p )^ 'jV \£ p ) , and the 
union of the spaces Af(£ p ® p £ r p n ) is norm dense in Af(£ p <S) P £ p ). Hence, as all the maps 
are coherent, we conclude that the bottom row must also be a complete isometry, as 
required. □ 

Proposition 5.3. Let <fi and A be measures. We have a natural completely isometric 
identification 

N(L P (<P))® P N(L P (\)) = N(L P (<P x A)). 

Proof. Spaces of the form L p (/a) admit a net of subspaces (Ei) whose union is dense, and 
such that each Ei is 1-complemented, and isometric to £™ for some n. Hence we may 
directly adapt the above proof. □ 

Suppose that such a net of subspaces (Ei) exists for some E G SQ P . Then it is easily 
seen that E is a C 9 p l space, as defined in Section 23]. By [3 Theorem 23.2], E is thus 
isometric to a 1-complemented subspace of some L p space, and is thus isometric to an L p 
space (see [38]). Hence the above proposition is the best we can do, at least using this 
method of proof. 
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We wish to further study the norm on M. n (J\f(E)), for E G SQ P . Suppose that E has 
the approximation property (eventually, we shall have to assume that E = L p (<f>) anyway) 
so that K{E)' = Af(E). Define T n (JC(E)) to be the vector space M n (JC(E)) together with 
the norm defined by, for K — i^ij)^ j=\i 

1 1 ^ 1 1 ^C/c(^)) = inf { 1 1 ^ | U ( XT I ^ 1^) V ^ ( I ^ 1^) V ^ } ' 

i,k i,k 

where we take the infimum over m G N and T G M. m (}C(E)) such that for each 
kij = Y^ki=\PkiTki(y.ij. We define a bilinear mapping M. n (jV(E)) x T n (]C(E)) — > C by 

n 

(r,K) = fa, (r = (r id ) G M n (Af(E)),K= (%) G T n (JC(E))). 

By formula (pQ) it is immediate that \(t,K)\ < \\T\\ n \\K\\T n (ic{E))- 

Let T G T n (JC(E))', and for each define G Af(E) by fa,k) = (r,<% ® fc) for 
G JC(E). Here 5^ ® G T n (K(E)) is the matrix with fc in the entry, and 

elsewhere. Then eg) /c||t„ (*;(£)) < ||^||, so that m is well-defined, and \\Tij\\ < \\T\\. Let 

t = (nj) G M n (N(E)). Let = Y. r $ j) ® for each ^ J- Then let T G M m (/C(£)), 
so that 

oo 

w((t,t))\\ = sup {| x: ^^(/i^,^^))^- 

where K = (kij) G T n (K(E)) is defined by fcy = XXz=i PkiTkiaij- By definition, 
||i^||r„()C(E)) < 1, so by the definition of M. n (J\f(E)), we conclude that T n (K{E))' = 
M n (jV(£ 1 )) isometrically Here we move from taking a supremum over M m (i3(-E')) to 
M. m ()C(E)), which we may do by approximation, as E has the (metric) approximation 
property. 

Define T n (B(E)) in a similar way to the definition of T n (JC(E)). Given T = (T^) G 
M n (B(E)) and r = (r^) G M„(W(£)), so that we see that \(T,r)\ < ||T|| n ||r|| n immedi- 
ately. Proceeding as above, we may at least identify M n (J\f(E))' with T n {B(E)) as vector 
spaces. 

Proposition 5.4. Let 4> be a measure, and let E = L p ((p). Then M n (Af(E))' = T n (B(E)) 
isometrically. 

Proof. Suppose firstly that E is finite-dimensional (that is, E = C.^ for some N). Then 
B(E) = K(E), and as the space M n (j\f(E)) is finite- dimensional, we see that M n (Af(E))' = 
T n (B(E)). The general case then follows by a finite-dimensional decomposition argument, 
as used in Proposition 15.21 

Indeed, let F C E be a 1-complemented finite-dimensional subspace. Thus N{t™ ® v 
F) C N(l™® P E) isometrically, for each m. It hence follows that M n (Af{F)) C M n (N(E)) 
isometrically, and so the natural map M n (j\f(E))' — > Wl n (j\f(F))' is a quotient map. 
Similarly, we may check that the natural map T n {B(E)) — > T n (B(F)) (induced by the 
projection of E onto F) is a quotient map. Thus we have the following diagram 

M n (Af(F))' M n (AT(E)y 

T n (B(F))^—T n (B(E)). 



1,3 k,i 
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The map on the left is norm-decreasing, while the map on the right is an isometric 
isomorphism. Let T G T n (B(E)), and we may easily check that 

\\T\\ Tn (B(E)) = sup{\\4> F (T)\\ Tn{B{F)) : F C E}. 

The supremum is taken over 1-complemented subspaces of E, of course. A similar equality 
holds for 4>(T), and hence it follows that H^COIIsMA/XE))' = ||^||t„(B(B)), as required. □ 

As before, this method of proof does not readily generalise to spaces other than L p ((p). 
5.1 General weak*-closed algebras 

Let E = L p ((p) for some measure 0, and let A C B(E) be a weak*-closed algebra. The 
predual of A, denoted A*, may be identified with the quotient A* = Af(E)/ ± A, where 

\4 = {r G Af(E) : (a, r) = (a G A)}. 

Clearly A carries a canonical p-operator space structure, and we can use this to induce a 
p-operator space structure on A*. We shall call this the dual structure on A*. 

Proposition 5.5. Let A Q B(L p ((p)) be a weak* -closed subalgebra, for some measure <fi. 
Give A* the dual structure. Then A* = A p- completely isometrically. 

Proof. This follows in an analogous way to the proof of Lemma 15.11 To be precise, let 
T G M„(^4) and e > 0. Then there exists m G N and maps U : £L n —>■ L p (4>) and 
V : L P 0) -> eg such that \\U\\ = \\V\\ = 1 and, if r G CB p (A,M m ) is defined by 
r(a) = yo£7,theu||<(a,r)>||>(|H|-e)||r||. 
Define a G M m (A) = CB a p (A,M m ) by setting 

<Tij = Ta + ± A G N(L P (4>))/ L A = A* (1 < i,j < m). 

Then ((a, r)) = ((a, a)), and we claim that ||cx|| < ||r||, which will complete the proof. To 
show this claim, it suffices to show that as an operator in CB P (A, M m ), a is a contraction. 
This is immediate however, as a agrees with r on A. □ 

Notice A* is also a quotient of Af(E), and so we could define a p-operator space 
structure on A* by insisting that the quotient map it : J\f(E) — > A* is a p-complete 
quotient mapping. We shall call this the quotient structure. By Lemma 14.6} when A* 
has the quotient structure, the inclusion 7r' : A — A* — > Af(E)' = B(E) is a p-complete 
isometry. Thus A carries the same p-operator space structure, irrespective of the p- 
operator space structure put on A*. We also see that, in general, the quotient norm 
dominates the dual norm on M. n (A*) for each n. When p = 2, we may immediate 
conclude that the two structures on A* coincide, but for other values of p, the lack of a 
suitable Hahn-Banach result means that we cannot conclude this. We shall later show 
that this problem seems to have some link with amenability (see Theorem 17.11) . a result 
we prepare for now. 

Let E = L p ((p) for some measure <fi. From Proposition 15 .41 we know that M. n (Af(E))' = 
T n {B(E)) isometrically. We may regard (7r) n as a map from M. n (J\f(E)) to M n (^4*), 
which is defined to be a quotient map when A* carries the quotient structure. Thus 
(tt); : M n (A*)' -> M n (N(E)'y = T n (B{E)) is an isometry which maps onto (ker(7r) n ) ± . 
It is easy to see that r G M n (J\f(E)) lies in ker(-7r) n if and only if r»j G ker 7r for each i, j. 
Hence it follows that T G T„(B(E)) lies in the image of {n)' n if and only if G A for 
each i, j. 
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From the definition of T n (B(E)), we see that the quotient structure norm on M n (A*) 
may be computed by considering matricies T = (T^) such that = i PikSki&ij G A 
for some S G M m (23(F)) of norm one, and suitable a and (3. By definition, the dual 
structure norm may be computed by exactly the same method, only now we must ensure 
that Ski £ A for each k, I, and not only that 7^- G A for each 

Proposition 5.6. Let A and A* be as above, and suppose that there is a p- completely 
contractive projection from B(E) onto A. Then the two p-operator space structures on 
A* coincide. 

Proof. This is immediate, as given T = (Ty) with = J2 k t f3ikSki®ij £ A for each i,j, 



6 Tensor products of algebras 

For two von Neumann algebras R and 5", there is a natural tensor product of their preduals 
F* and S 1 * such that F* ® S 1 * is the predual of the von Neumann algebra tensor product 
R®S. A key fact about operator spaces (P, Theorem 7.2.4]) is that F*<8> 5* agrees with 
the predual of R(g)S. In this section, we shall explore how this result is proved, and shall 
lay the foundations for analogous proofs, in the p ^ 2 case, in some rather special cases. 

We shall now study Slice Maps, following the presentation in [HJ Section 7.2]. Let 
0i,02 be measures, and set E = L p (<px) and F = L p (0 2 )- Let W\ G Af(E), so that we 
have a map w x ®I: 13(E) ® 13(F) -> 5(F) given by (twi ® J)(T ® 5 1 ) = (T, 

Lemma 6.1. There exists a weak* -continuous map R(wi) : B(E ® p F) — > B(F) such 
that R(wi), when restricted to B(E) ® B(F), agrees with w\ <8> F Furthermore, R(wi) is 
p- completely bounded with \\R(wi)\\ pc b = \\wi\\. 



Then clearly R(w 1 )(u) G B(F) and ||F(wi)(u) || < H||K||. Obviously R(w 1 ) : B(F ® P 
F) — > 23(F) is linear, and is thus a bounded operator which clearly extends W\ <8> F 
Furthermore, we may define r(wi) : N(F) —>■ M(E ® p F) by 



and then we clearly see that r(w\)' = R(w±), so that R(wi) is weak*-continuous. 



By PropositionESl Af(E)® Af(F) = Af(E® p F), and so B(E® P F) = CB p (Af(E), B(F)) 
p-completely isometrically. Concretely, this second identification is given as follows. For 
u G 23(F <g> p F), we define A(u) G CB p (Af(E), 23(F)) by 

A(u)( Wl ) = R(w 1 )(u) ( Wl G Af(E)). 

Let U G M n (B(E <g> p F)) so that (R( Wl )) n (U) G M n (23(F)). Then 

(R( Wl )) n (U) = (R(w 1 )(U ij )) = (A(^-)K)) = (A) n (l7)(wi), 

so that ||(F( Wl )) n (f/)|| = \\(A) n (U)( Wl )\\ < ||A|U||C/|||| Wl || = ||[/|||K||,andso ||(F«)) n || < 
||wi||, implying that ||-R(wi)|| pc b < ||^i||- Clearly then ||F(u>i)|| pc b = \\wi\\, as re- 




Proof. For u G 23(F ® p F), define F(wi)(u) G B(F) = M(F)' by 

(i2(wi)(u),r) = {u, Wi ®t) (reM(F)). 



r(w 1 )(r) =w 1 ®reAf(E)®Af(F) CM(E <g> p F) 



(r G Af(F)), 



quired. 



□ 
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Similarly, we may work "on the left", leading to the definition of L(w 2 ) '■ B(E® P F) — > 
B(E) for w 2 eAf(F). 

Given weak*-closed subalgebras A C £>(F) and £> C 13(F), we define Ag)S to be the 
weak*-closure of A <S> B in £>(F £g> p F) = B(L p (<pi x 02))- We define the Fubini product 
A ®p B to be the subspace 

{w G ® p F) : R( Wl )(u) G B,L(w 2 )(u) G .4. (wi G M(E),w 2 G A/"(F))}. 

As J?(wi) and L(w 2 ) are weak*-continuous, we immediately see that A®B C ^4 ®jf £>. 

In general, we can only say a little about A®B. Let u;i G Af(E), and consider the 
map -R(iui) restricted to Ag>£>, which by weak*-continuity maps into B. Suppose that 
w 2 G M(E) is such that W\ — w 2 G X A Then, for any r G M(F), clearly (w\ — w 2 ) ® r 
annihilates .4. ® £>, and so 

(R(w 1 - w 2 )(T), t) = (T, (w x - w 2 ) t) = (T G A8>B). 

Hence i? becomes a well-defined map Af(E)/ ± A = A* — > CB P (A®B,B), and similarly 
for L. 

Now define a map 5 : A®i3 -> (A® P #*)' = CB P (B„A) by 

(5(T), r <g> a) = (R(t)(T), a) = (L(a)(T), r) (T G A®B, reA*,ae B.). 

Here we identify (A® $*)' with CB P (B*, A), instead of CB P (A*, B), for convenience, as 
above we have been working mainly with the map i?, and not L. The other choice follows 
by symmetry, of course. 

Proposition 6.2. With notation as above, and giving A* and B* the dual structures, we 
have that 5 is a p- complete contraction. 

Proof. Let T G M n (A®B), let a G M m (B*), and let a = ((S) n (T)) m (a) G M nxm (A). 
Notice that 

a>ik,ji = $(Tij)(o-ki) = L(a k i)(Tij) (1 < i,j < n, 1 < k, I < m). 

We shall, for the proof, give A* the quotient structure in order to evaluate the norm on 
M nXTO (A). Let r G M r (A), and let e > 0. We may find f G M r (A r (F)) such that f maps 
to t, and ||f|| r < ||r|| r + e. As in the proof of Lemma [6.11 we p-completely isometrically 
identify B(E <g> p F) with CB P (M(E), B(F)) by the map A. Then we have that 

\\{(a,r)\\ = IK^K)^),^))!) = IK^r^m,),^))!! = ||«A(T<, ata»|| 

< ||((A) n (T)) r (f)|| nxr ||a|| m < ||((A)„(T))||j|f|| r ||a|| m 

< ||A|| pc &||T||J|f || r ||cr|| m < ||T|| n ||o-|| m (||r|| f . + e). 

As r was arbitrary, we see that ||a|| nxm < ||T|| n ||cr|| m . As a was arbitrary, we see that 
|| (S) n (T) 1 1 p C b < \\T\\ n . Finally, as T was arbitrary, we conclude that 5 is a p-complete 
contraction, as required. □ 

Now give A and £>* the quotient structures. Then by Proposition 14.101 the obvious 
map 

7T* : Af(E)(g> P Af(F) A§ P £* 
is a p-complete quotient map. Thus 

7r := < : (A® P £*)' -> B(E ® p F) 

is a p-complete isometry. 
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Theorem 6.3. With notation as above, the map n is a weak* -homeomorphic p-completely 
isometric map with range equal to A®r B. Furthermore, it takes A® B, defined to be 
the weak* -closure of A®B in (A*® B*)', onto A®B. 

Proof. This follows as for operator spaces (given properties of ® P which we established 
in Proposition 14.101) . see [9j Proposition 7.2.3]. □ 

Finally, we study maps on algebras, and links to complete boundedness. 

Theorem 6.4. Let 4>i and <p2 be measures, and let E = L p (<f>i) and F = L p (0 2 ). Let 
A C B{E) be a weak* -closed algebra, and let M G CB P (A) be weak* -continuous. For any 
weak* -closed algebra B C B(F), there exists a weak* -continuous map M G B{A®B) such 
that M(a <g> b) = M(a) ®bforaeA andbeB, and \\M\\ < \\M\\ pcb . 

Proof. We may suppose that <f>\ = 02 is the counting measure on N. The general case 
will follow in the same way as Proposition 15.31 follows from Proposition 15.21 Hence 
E = F = £ P . 

Let P n : £ p — > £ p be the projection onto the first n coordinates, and i n : £ p — ► £ p be 
the canonical inclusion map. Define a n : B{£ P {N x N)) -> B{£ P )®B{£™) = M n (B{£ p )) by 

a n {T) = (L(P^5*) ® L n (SMT)).. (T G B(£ P (N x N)), l<i,j< n). 



Let x = (xj)"j =1 C £ p and /i = (/i«)" =1 Q £ p ,, and define y = YTj=i x j ® L n($j) 
and A = ElLi ^ ® p n(^)- Then 



12/ 

and similarly ||A|| P ' < Y2i H/^lK- Then 



, VP 



K/i,«„(T)(x))| = I £ (^,^(5*)®^^))^)^))! 



£ (T, ((//, ® x,) ® P^*) ® a^-))>| = |(T, ^(/i, ® P^*)) ® (x, ® 

ij=l i,j=l 



/ " N 1/p 



It -lIP 
I X J II 



= i(T,A®y)i<iiT||(^n^r') p (j2 

i=l i=l 

Thus ||a(T)|| < ||T||, so that a is a contraction. It is easy to show that a is weak*- 
continuous. We have defined a in such a way that a(T®S) = T®P n Si n for S 1 , T G B(£ p ). 

In a similar way, we may define a weak*-continuous contraction /3 : Wl n (B(£ p )) — > 
B(£p(N x N)) such that /3(T ® 5) = T ® i n SP n for T G and S G M n . 

By weak*-continuity, we see that a„(T) G M n („4) for T G „4®i3(£ p ). As M G CB P (.A), 
by definition, we have that (M ® J n )a n : ^®i3(£ p ) -> M n (A) is bounded, with ||(M ® 
4)a n || < ||M||p Cfe . Thus (3 n (M ® J n )a„ : .4®£(£p) -> ^l®i3(£p) is bounded with ||/3 n (M® 
^n)«n|| < H^llpcb- As a n , (3 n and M ® I n are weak*-continuous, so is (3 n {M ® I„)a„. 

Let (n a ) be a subnet of N such that the net f3 na (M ® / na )a na (T) converges in the 
weak*-topology, for each T G -4.®B(£ P ), say converging to M (T) G ^4®i3(£p). Then M 
is linear and bounded, with ||M || < ||M|| pc &. Then, for k,l G N, a G A and 5 G B(£ p ), 

lim (5* ® 5*,(3 na {M ® /„Jo! nc( (a ® 5)(4 ® 50) 
= lim (5*, M(a)(4))(5;, ^ Q P nQ ^P nQ (^)) 
= («Jr,M(a)((5 Jfc )><^,5((5 I )>, 
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as eventually, L na Pn a (o~i) = o~i and so forth. Thus 

M (a <g> S) = \imp na (M ® 4ja na (a <g> £) = M(a) <g> 5 (o€^S€ 

a 

with the limit taken in the weak*-topology. 

Let A* = Af(£ p )/ ± A be the predual of A, and let m G B(A*) be such that m! = M. 
Let 9 : A*®N{t p ) -> (-4®i3(£ p ))* = Af(£ p (N x N))/ ± (^l <g> i3(£ p )) be the canonical map 
given by 

(a®S,9(r®a)) = (a,r)(S,a) (a e A, S e B(£ p ),r G A*, a eAf(£ p )). 

Then 9 is injective, and we claim that 9 has dense range. If not, then there exists a 
non-zero T G A®B{£ p ) such that (T,9(r®a)) = for r G A and a G A/"(£ p ). There 
hence exists x <E £ p ® p £ p and /x G £y (gy £y with (/i,T(x)) ^ 0. By approximation, we 
may suppose that a; = £] n=1 x n ® Vn and /i = J2 m =i Hm®^m- Then 

n,m n,m 

a contradiction. For a G i, 5 G B(£ p ),T G .4.* and a G Af(£ p ), we have that 

(M o (a<g)£),0(T® o-)) = (a,m(T))(S,a) = (a® S,6(m(r) ® o-)). 

We hence see that m® I extends continuously to a bounded map on (A®B(£ P ))*, and so 
by weak*-density, M is weak*-continuous. 

Finally, for a G A and 6 G S, we have that a®b e A®B C .4.<g>B(£ p ), and M (a <g) 6) = 
M(a) ® 6. As M is weak*-continuous, we hence see that M (.4.<S>£>) C A®B, and so we 
may set M to be Mo restricted to A®B, completing the proof. □ 

7 Figa-Talamanca-Herz algebras 

We shall briefly introduce the Figa-Talamanca-Herz algebras, following the notation of 
[TT] (which means that, compared to some authors, we swap the indexes p and p'). 

Let G be a locally compact group, and let \ p : G — > B(L p (G)) be the left regular 
representation, defined by 

A P (s) (/)(*) = fis'h) (s,teG,fe L P (G)). 

We shall also need to use the right regular representation, which is defined by 

P P (s)(f)(t) = f(ts)A G (s)^ (s,teG,fe L p (G)), 

where A G is the modular function of G. See Section [8] for further details about group 
representations. Let C(G) be the space of continuous functions from G to C, let Coo (GO C 
C(G) be the subspace of functions with compact support, and let Cq(G) be its closure. 
We then define a map A p : L p /(G)®L p (G) — ► C (G) by 

A p (g®f)(s) = (g,X P (s)(f)) (seGJe L p (G),ge L P ,{G)). 

That A p maps into C(G) follows as \ is continuous; that A p maps into Co(G) follows as 
Coo(G) is dense in L P {G) and L p i{G). Then A P (G) is defined to be the coimage of A p . 
That is, we identify the image of A p with the Banach space L p /(G)®L p (G) / ker A p , the 
latter defining the norm on A p (G). As shown in [17J, A P (G) becomes a Banach algebra 
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under pointwise operations. When p = 2, A 2 (G) agrees with the Fourier Algebra A(G), 
as studied in [TO] . 

By standard Banach space results, we see that the dual of A P (G) may be identified 
with the space 

PM P (G) = {Te B(L p (G)) : (T,t) = (r G ker A p )}. 

Notice that X P (G) = {\ p (s) : s G G} C PM p (G), and that the weak*-closure of A P (G) 
is equal to PM p (G). It is then easy to show that PM P (G) is a subalgebra of B(L P (G)) 
(see, for example, [Ml Section 10]). When p = 2, we have that PM 2 (G) = VN(G), the 
group von Neumann algebra of G. The duality between A P (G) and PM P (G) is 

(T,A p (g®f)) = (g,T(f)) (T G PM p (G),g G L p ,(G),fe L p (G)). 

As PM p (G) C B(L P (G)), we see that PM P (G) carries a natural p-operator space 
structure. As in Section I5TT1 we may hence induce the dual p-operator space structure on 
A p (G). Alternatively, we may induce the quotient structure on A p (G), by defining the 
map A p : J\f(L p (G)) — > A p {G) to be a p-complete quotient map. 

When G is amenable, the algebra PM p (G) is easier to handle. In particular, we 
have [TBI Theorem 5], which shows that when G is amenable, we have that PM P (G) = 
CONV p (G) := {T G B(E) : Tp p (s) = p p {s)T (s G G)} 

Theorem 7.1. Let G be an amenable locally compact group. Then the two natural p- 
operator space structures on A P (G), as defined above, agree. 

Proof. Let E = L P (G). By Proposition ^. 61 it suffices to prove that there is a p-completely 
contractive projection from 13(E) onto PM p (G). We shall now show that when G is 
amenable, such a projection exists. 

We may £ as a left L^G^-module for the p p action, so that L X (G)% = CONV p (G), in 
the notation of Section [HJ Combining Theorem 13.21 and Proposition 13.31 yields that there 
is a contractive projection Q : B(E) -> CONV p (G) = PM P (G). 

However, we need to show that Q is actually p-completely contractive. Let (d a ) 



» 



n=l 



^ G 



be an approximate diagonal of bound one for Li(G), and let d a = Yl 
Li(G)®Li(G) for each a. Let T G M n (B(E)), let (xj)] =1 C E, and let (//i)? =1 C E', so 
that 



^2(fk, Q(Tij)(xj))\ = lim | (^Pp( a l a) ) T ijPp( b k a) )( x j)) 

i,j=l i,j=l k 

n 

- n ™£ I Yl (pp( a k a) y(Pi)' T ijpp ( , b i a) )( x j))\ 

k ' i=l 



*>j=l 



71 1/ ' 

<lim^||T|u(^||p p (ai a) )'(^)ll P ') " (Elrf)^ 

fc 8=1 J = l 



^llTiuiim^iip^Ca^)!!!!^)!^!!^! 

i/p' 



i/p' 



< 



mi. £ 



71 

E 

i=i 



i/p 



E 

i=l 



i/p 



i/p 



Pi I 



Thus II QL < 1, and so II Q| 



pcb 



1, as required. 



□ 
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In [251 Section 1.31], the class of groups G such that PF 2 {G) is an amenable Ba- 
nach algebra is discussed: it is somewhat larger than the class of amenable groups. 
When PF 2 {G) is amenable, by weak*-density, we see that VN(G) = PM 2 (G) is Connes- 
amenable, and this is enough to ensure a projection B(L 2 (G)) to PM 2 (G) (actually, such 
a projection is automatically completely positive, and hence completely contractive, see 
[371 Chapter XV, Corollary 1.3]). For example, [251 Page 84] shows that VN{SL{2,R)) 
is Connes-amenable, while SL(2, R) is not amenable. Of course, in the p = 2 case the 
above theorem is not necessary. In the p ^ 2 case, we are not aware of a systematic in- 
vestigation of when PM p (G), for p ^ 2, is Connes-amenable (see [30, Theorem 4.4.13] for 
some partial results). Furthermore, even if we have a projection B(L P (G)) — > PM P (G), it 
is unclear that this projection is necessarily p-completely contractive. It seems possible 
that the above proof could hence be extended to some non-amenable groups. 

However, the existence of a projection onto PM P (G) is very far from being necessary, 
so it also seems possible that another method of proof could extend the above result to 
a much larger class of groups (or even maybe all groups). 

We know that p-operator spaces are much easier to work with when they embed into 
an L p space. Henceforth, we shall assume that A P (G) carries the dual structure. We shall 
resort to the above theorem when it is necessary to use the quotient structure (which is 
in many ways the more natural structure). 

Our next task is to show that A p (G) is an algebra is the category of p-operator 
spaces. This is equivalent to saying that the algebra product defines a bounded (in- 
deed, contractive) map A : A p {G)&A p {G) -> Ap{G). Suppose that A' : PM p {G) -> 
(A P (G)®A P (G))' = CB P (A P {G),A P (G)') = CB P {A P {G), PM P {G)) is a p-complete contrac- 
tion. Then so is A", and hence also A"« A (g)® f a p (G) = k a p (g)A. As k>a p {G) is ap-complete 
isometry, we conclude that A is a p-complete contraction. 

Define PM P (G)®PM P (G) C B{L P (G x G j), as in Section El 

Proposition 7.2. Let G and H be locally compact groups. Then P M p {G)®P M p (H) = 
PM p (GxH). 

Proof. By definition, PM p (G)®PM p (H) is the weak*-closure of PM P (G) <g> PM P (G) in 
B(L P (G) ® p L P (H)) = B{L P (G x H)). For this proof, let Aj : G -> B(L p (G)) be the 
left-regular representation, and define A^ and X p xH similarly. Then it is simple to verify 
that 

® Af (f) = A? xir M) (s e G,t e H). 

Hence we see immediately that PM p (G x H) C PM p (G)®PM p {H), as PM p (G x H) is 
the weak*-closure of the span of the image of X p xH ■ 

Conversely, we shall show that X p (G) PM p (H) C PM P (G x H), and by symmetry 
that PM P {G) ® \ p (H) C PM P (G x H). Thus, for S E PM P (G) and T e PM P (H), we 
have that 

S ® T = (S ® Af (e H ))(A^(e G ) ® T) e PM p (G x H), 

where ea, en, is the unit of G, respectively H. As PM P (G x if) is weak*-closed, we 
conclude that PM p (G)®PM p (H) C PM p (G x fT), completing the proof. 

To show that A^(G) ® PM P (H) C FM P (G x F) we shall show that ker A^ x// C 
± (Ap (G) ® PM P (H)). Let r = E^=i ^ ® x n e ker A^ xH C L p ,(G x F) ® L P (G x i?). 
We regard L P (G x if) as L P (G, L P (H)), and so we regard each x n as a function from G 
to L P (H). Similarly L p ,(G x H) = L p ,(G, L p ,(H)). Fix u G G, so that 

oo „ 

= (A«( W ) ® \»(V), T)=Y j (jJLnis), X^V^Xniu-h))) ds (veH). 

n=l J G 
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For each n, define y n G L P (G, L P (H)) by y n (s) = x n {u 1 s) for s G G. Thus 

oo 
n=l 

By using Herz's ideas in pTTj. Lemma 0], this implies that 

oo 

= (I ® T)(y n )) = (A^(«) ® T, r) (T g PM p (ff)). 

n=l 

AsuGG was arbitrary, the proof is complete. □ 

Define W : L p (G x G) -> L p (G) by 

= (/ G L p (G x G),s,t e G), 

so that W is an invertible isometry. Define 

T : PM P (G) -> PM P {G)®PM P {G); T i-> W^T g> J)W (T G PM P {G)). 

Let / G L P (G x G) and s G G. Then 

(r(A p (5))(/)) (r, f) = (W 1 ^) ® W/)) (r, 
= ((A p (s) ® I)W(f))(r,r~ 1 t) 
= (Wf)(s-\r-H) = f(s~\s-H), 

for r,teG. Thus r(A p (s)) = X p (s) ® A p (s). 

Recall the definition of the map 5 : PM P (G)®PM P (G) (v4 p (G)§ P A p (G))', which is 
a p-complete contractive by Proposition 16.21 For a, 6 G A p (G) and s G G, we have that 

(<jr(A„(a)), a®b) = (X p (s) ® A p (s), a ® 6) = a(s)6(s) = (aft) (a) = (A p (s), A(a ® &)). 

Thus A' = 5r. In particular, as T is clearly ap-complete contraction, so is A', as required. 

Theorem 7.3. Let G and H be amenable locally compact groups. Then A p (G)® A p (H) = 
A p {GxH). 

Proof. This proof is an adaptation of [HI Theorem 7.2.4]. By Theorem 17. 1[ we have that 
the two p-operator space structures agree on A p {G) and A P (H). By Theorem 16.3} the 
map 7r* : 7V(L p (G))® J\f(L p (H)) — > A P (G)® A P (H) is a p-complete quotient map, so 
that Ti = 7i[ : (A P (G)® P A P (H))' — > B(L P (G x if)) is a p-complete isometry onto its range, 
which is PM P {G) ® T PM P (H). 

For w G Af(L p (G)), recall the definition of R(w) from Section [S Let T G PM p (G) ® T 
PM P {H) C B(L p (G) ® p L p {H)), so by definition R{w){T) G PM p {H) = CONV p {H) 
for each w G Af(L p (G)). Thus, for a G ii, R(w)(T)p p (s) = p p {s)R{w){T). By weak*- 
continuity, this implies that 

i?H (T(J ® p p (a))) = ((/ ® p p (s))T) . 

As w is arbitrary, this is that T(I<g>p p (s)) = (I<g>p p (s))(T) for each s G H. By symmetry, 
we also see that (p p (t) <S> I)T = T(p p (t) (g> J) for t G G. Consequently T commutes with 
p p ((t, s)) for (t, s) e G x H, that is, T G CONV p (G x H) = PM P {G x H), as G x H is 
amenable. 

Thus PM p {G)®rPM p (H) = PM P {G)®PM P {H) = PM p (GxH). As vr is a homeomor- 
phism, we conclude that (A p (G)® P A P (H))' = A P (G x H)' = PM p (G x H) p-completely 
isometrically. As the quotient and dual structures agree on A p {G x H), and it = n'^ is 
weak*-continuous, this implies that A p (G)® A p (H) = A P (G x H), as required. □ 
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In the above proof we use the fact that when G is an amenable group, we have that 
PM P (G) = CONVpiG). As communicated to us by Professor Figa-Talamanca, in [3], 
Cowling shows that PM P {G) = CONV p {G) for G = SX(2,R) and G = F 2 . Actually, the 
proof for F 2 is not correct, but can be corrected using results of Haagerup, as done in 
[T21 Theorem 4.9, Chapter 8]. It is apparently unknown if PM p (G) = CONV p {G) for all 
groups G. We conclude that the main sticking point in this section is Theorem 17. 11 

Finally, we shall show that A p (G) is amenable in the category of p-operator spaces if 
and only if G is an amenable group. By "amenable in the category of p-operator spaces" , 
we mean that every p-completely bounded derivation from A p (G) to a p-completely con- 
tractive dual y4 p (G)-bimodule is inner. The equivalence of this to A p (G) having an 
approximate diagonal in A p {G)® P A p (G) follows from exactly the same argument as used 
for amenability of Banach algebras (compare with [2HJ Section 2]). We shall make heavy 
use of the already established result in the p = 2 case, which is [2"9l Theorem 3.6]. 

Theorem 7.4. Let G be a locally compact group. Then A p (G) is p-operator space 
amenable if and only if G is an amenable group. 

Proof. Suppose that A P (G) is p-operator space amenable. Then, in particular, A p (G) has 
a bounded approximate identity, and so by Leptin's Theorem (compare [TO], Theorem 6]) 
G is amenable. 

Conversely, suppose that G is an amenable group. Then A p {G)® A P {G) =A p {GxG). 
As G x G is amenable, by [T71 Theorem C], identification of functions gives a norm- 
decreasing homomorphism A 2 (G x G) —>■ A p (G x G) which has dense range. By Ruan's 

Theorem, A 2 {G x G) = A 2 {G)® A 2 {G) contains a bounded approximate diagonal, and 
hence so does A P {G x G). Thus A P (G) is p-operator space amenable. □ 

7.1 Further homological properties 

Amenability fits into the study of Hochschild cohomology of Banach algebras, and there 
are further (co)homological properties of Banach algebras which are widely studied. See 
[301 Chapter 4] for an introduction to these ideas. As for amenability, when A(G) is 
considered as an operator space, homological properties of A(G) depend upon the group 
G in the same (or dual) way to the way that properties of L\(G) depend upon G. 

In [32], Wood considers biprojectivity, and shows that A{G) is biprojective (with the 
operator space structure) if and only if G is discrete. Conversely, Helemskii (see [H]) 
showed that L\(G) is biprojective (as a Banach alegbra) if and only if G is compact (and 
we view discreteness and compactness as being dual properties, as in the abelian case). 

First, some terminology. Let A be a Banach algebra, let E and F be ^4-bimodules, 
and let 9 £ B(E, F). We say that 9 is an module homomorphism if 9(a ■ x-b) = a- 9(x) ■ b 
for a,b <E A and x £ E. We say that 9 is admissible if there exists £ B(F, E) with 
9(f)9 = 9. We say that an ^4-bimodule E is biprojective when, given ,4-bimodules F and 
G, a surjective, admissible module map : F — > G and a module map 9 : E — > G, there 
exists a module map i[) : E —> F with <fnj) = 9. 

In [39], Wood first adapts these ideas to the category of operator spaces. Subject to 
some technicalities (as usual, to do with duality) it seems rather likely that this carries 
over easily to the p-operator space situtation. Wood next proves that the multiplication 
map A(G)<S> A{G) — > A{G) is surjective. Thus uses a number of results, including that 

^2 

A(G)® A{G) = A(G x G) for all groups G, which we have not been able to generalise to 
the A p (G) case. Furthermore, this fact is again used in the proof of the main theorem, 
[3"9"| Theorem 4.5]. 
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A Banach algebra A is weakly- amenable when every bounded derivation to A' is inner. 
When A is commutative, this is equiavlent to the (more natural) condition that every 
derivation into a symmetric .4-bimodule E is zero. Here an ^.-bimodule E is symmetric 
if a ■ x = x ■ a for each a G A and x G E. It is easy to translate these conditions into 
the category of operator spaces, and in [33] Spronk shows that A(G) is always weakly- 
amenable in the category of operator spaces. 

Again, we can translate these ideas over to p-operator spaces, but, again, we find 
that we need properties of the projective tensor norm which we have not been able to 
establish in full generality (it is, of course, pointless to restrict to amenable groups G, as 
then A p (G) is amenable, and so trivially weakly-amenable). Furthermore, Spronk uses 
simple facts about representations on Hilbert spaces which seem unlikely to hold for SQ P 
spaces, as we lack things like orthogonal projections. ??It would be interesting to see if 
a different approach could be found to deal with the p ^ 2 case?? 

In (31] , Samei develops the theory of algebras he called hyper- Tauberian, and uses this 
theory to give a simple and elegant proof that A(G) is weakly-amenable, as an operator 
space. Indeed, Samei's argument easily extends to the A P {G) algebras, when given the 
operator space structure constructed in [21]. This operator space structure suffers from 

the same issue we have, in that A p (G)® A P (G) need not, semmingly, be anything useful, 
when G is not amenable. Samei sidesteps this issue by first working with A(G) and then 
transfering the result to A p (G), see [3U Theorem 28] for details. 

We can immediately adapt Samei's definition of what it means to be hyper- Tauberian 
to the p-operator space setting, and show that a hyper- Tauberian algebra is weakly- 
amenable. It remains to show that A P (G) is indeed hyper- Tauberian as a p-operator 
space. Unfortunately, we again hit a problem here, as we cannot lift results from A(G) 
to A P (G) (as A{G) is not a p-operator space!) and a direct argument, at least following 
Samei, would again require us to know what A P (G)® P A P (G) is. It at least seems possible 
that a new direct argument could work for A P (G) in the p-operator space setting, but we 
have not been able to make progress in this direction. 

8 Multipliers 

In this section we shall study multipliers of Figa-Talamanca-Herz Algebras. Much of the 
hard work is already in the literature, but often without direct connections being drawn. 
We try to collect together these results in a unified setting here. 

It shall be helpful to sketch some results on group representations. Let G be a locally 
compact group, and let E be a reflexive Banach space. We shall define a group representa- 
tion of G on E to be a group homomorphism it : G — > 13(E) such that tc(s) is an isometry 
for each s G G, and for each x G E and fi G E', the map G — > C; s i— ► (fi,7r(s)(x)) is 
continuous. Then tt extends to a norm-decreasing homomorphism 7r : L\(G) — > 13(E) by 
integration. 

We show now sketch the converse to this, which is folklore. Let 7r : L\(G) — > 13(E) be 
a norm-decreasing homomorphism. As is standard (see [H Theorem 3.3.23] for example) 
L\(G) contains an approximate identity (e a ) of bound 1. For s G G and / G L±(G), 
define s ■ f G L\(G) by (s ■ f)(t) = f(s~H) for t G G. We may define a map o : G — > 13(E) 

by 

(/!, a(s)(x)) = lim (/i, (s ■ e a )(x)) (x G E, n G E'). 

a 

Then there exists a subspace F of E such that, by restriction, a becomes a group repre- 
sentation cr : G — > 13(F). In fact, there is a contractive projection P : E — > F such that 
Pit(f)P = 7r(/) for / G L\(G), so that the action of it on the kernel of P is trivial, and 
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so we loose nothing by restricting to F. Applying the previous paragraph to a yields the 
homomorphism 7r, restricted to F. By the Cohen Factorisation Theorem, we have that 
F = {n{f){x):xEE,f EL^G)}. 

Now define a map II : E'®E -> C(G) by 

<g> x)(s) = (//, tt(s)(x)) (h®x E E'®E, s E G). 

Here C(G) is the space of continuous functions on G; that II maps into C(G) follows by 
the continuity assumption on tc. We let A(tt) be the co-image of II: that is, A(tc) is the 
image of II in C(G), but with the norm induced by identifying A(n) with the quotient 
E'^)E / kerll. As explained by Herz in [T7j, the obvious definition of equivalent group 
representations is a rather strong condition, while A(n) gives a more interesting notion 
of equivalence (for example, A(tt) is one-dimensional if and only if ir is trivial). 

Recall the left-regular representation A p : G — > B(L P {G)). Then A P {G) = A(X P ). 
Let 7r : G — > B(E) be some group representation, and let Ie '■ G —> B(E) be the 
trivial representation on E. Herz shows that X p has the useful property that A(X P ® n) = 
A(X p <S>Ie) (this is also referred to as Fell's absorption principle). Furthermore, if E E SQ P 
(or, in Herz's terminology, E is a p-space) then A(X P <S> Ie) = A(X P ) ([T7J Lemma 0]). 

For a commutative Banach algebra A, we say that a linear map T : A — > A is a 
multiplier, denoted by T € A / i(^4), if T(a6) = aT(6) for a,b E A. Then _M(.A) becomes 
a Banach algebra with respect to the operator norm. For a locally compact group G, 
using the fact that A P {G) is a regular tauberian algebra (see [HH Section 3]), we may 
use the Closed Graph Theorem to show that each multiplier on A P {G) is bounded, and 
furthermore, each multiplier is given by pointwise multiplication by some (necessarily 
continuous) function u : G — > C. Henceforth we shall treat Ai(A p (G)) as a subspace of 
C(G), with the norm 

\\u\\ M = sup{||wa|| Ap : a E A p (G), \\a\\ Ap < 1} (u E M{A p (G))). 

It is common in the literature to write B P (G) for A4(A P (G)). This is confusing, as it 
is standard to denote by B(G) the Fourier- Stieltjes Algebra of G. However, by results of 
Nebbia and Losert (see |23j) we have that -82(C) = B(G) if and only if G is amenable (see 
[25| Page 187] for an example where this confusion arises). To further confuse the issue, 
Herz himself defined a space B p (G) in [15J, using a notion of Schur multipliers (which we 
shall study further below). Finally, Runde defined a generalisation of B(G) in [32] which 
he, reasonably, denotes by B P {G). We shall stick to writing M.[A P {G)). 

In [6], De Canniere and Haagerup study completely bounded multipliers of A P (G), 
denoted by M (A P (G)). We have that B 2 (G) = M (A P (G)) in Herz's notation (see [2] 
where unpublished results of J. Gilbert are used to show this). Similar ideas are explored 
[20] . We use [6] and [20J to motivate to make the following definitions. 

Definition 8.1. Let G be a locally compact group, let 1 < p < 00, and let u E M. (A p (G)). 
Then u E A4 c b(A p (G)) if and only if u defines a member of CB p (A p (G)) where A p (G) is 
given the dual p-operator space structure. We give Ai c b(A p (G)) the p-completely bounded 
norm. 

We define M (A P (G)) to be the space of those functions u : G — » C such that there 
exists E E SQ P and bounded continuous maps a : G — > E and f3 : G — > E' such that 
u(ts _1 ) = (/3(t),a(s)) for s,t E G. We give M (A p (G)) the obvious norm. 

Then, for example, Jolissaint shows in [20] that A4 (A2(G)) = A4 c b(A2(G)). 

Lemma 8.2. Let G be a locally compact group, and let u : G — > C be a function. Then 
the following are equivalent: 
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1. ue M(A P (G)); 

2. There exists a bounded, weak* -continuous operator M : PM P (G) — > PM P (G) such 
that M(X p (s)) = u(s)Xp(s) for s e G. 

Proof. Suppose that (1) holds, let m G B(A P (G)) be the operator defined by point- 
wise multiplication by u, and let M = m! G B(PM P (G)). Then obviously M(X p (s)) = 
u(s)Xp(s) for s G G. 

Conversely, if (2) holds, then as M is weak*-continuous, there exists m G B(A P (G)) 
with mf = M. For a G A P (G), we then have that 

u(s)a(s) = (M(X p (s)),a) = (X p (s),m(a)) = m(a)(s) (s G G), 

so that u is pointwise multiplication by u, and hence u G M.{A P {G)). □ 

When p = 2 the above can be significantly improved, essentially because A(G) is a 
closed ideal in B(G); see P, Proposition 1.2]. 

Theorem 8.3. Let G be a locally compact group, and let 1 < p < oo. Then M.q(A p (G)) 
and Ji4cb(A p (G)) are commutative Banach algebras. Furthermore, M. c b(A p (G)) = M.q(A p (G)) 
isometrically, and Ai c b{A p (G)) C Ai(A p (G)) contractively. 

Proof. For the proof, write M. for Ai(A p (G)) and so forth. Obviously M. c b C Ai con- 
tractively, from which it follows easily that M. c b is a commutative Banach algebra. For 
E,F G SQp, by considering the space E®F with the £ p norm ||(x, y)|| = (||x|| p + ||2/|| p ) 1 ' p 
for x G E,y G F, it follows that Alo is a vector space. Similarly, by considering the 
infinite i p sum of a countable family (i? n )^ ( L 1 C SQ P , it follows that Afo is a Banach 
space. Finally, by using a suitable tensor product construction for SQ P spaces (see [32], 
Section 3]) it follows that Alo is a commutative Banach algebra. 

Now let u G Alo be defined by u{ts~ l ) = ((3(t),a(s)), using some E G SQp- Let 
x G L P (G) and /i G L p i(G), and let a = A p (/x <g> x) G A p {G). Define x G L p (G,E) = 
L P {G) ® p E and p G Zy(G, by 

x(s) = x(s)a(s ), /t(s) = p(s)P(s^ 1 ) (s G G). 

Then \\x\\ < ||a||oo||x||, \\p>\\ < ||/3||oo||a*||, and for s G G, 

(jl, (X p (s) ®I E )(x)) = / (p(t),x(s~H)) d*= / (/3(t _1 ),a(t _1 s)) / u(t)x(s~ 1 t) dt 

Jg 

s) p(t)x(s~ 1 t) dt = u(s)a(s). 

By Herz, we have that A(A P £g> Ie) = A P (G), so that ua G v4 p (G) and ||«a|U p < 
ll a lloo||/^||oo||^|| IIa 4 !!- As u was arbitrary, and by linearity and the definition of the norms 
on A p {G) and A4 , we see that M. Q <Z M. is a norm-decreasing inclusion. 

We can "amplify" this argument to show that Alo C Al c ;, contractively. Let u G Al 
be as before, and let M G B(PM P (G)) be induced by w, as given by the previous lemma. 
Given x G L p (G) and p G L P '(G), define x G L p (G, E) and /t G L p i(G, E') as above. It is 
a simple calculation to show that 

(p,M(T)(x)) = (ji,(T®I E )(x)) (T G PM P (G)). 

Let n G N and let T = (X^) G M n (PM p (G)). Let /i = (f0? =1 G L p ,(G) ® p Z n p , and 
x = {xj)]=i G L P (G) ® p £™. Define x G L P (G) ® p E ® p by x = £)" =1 % <g> S j} so that 

/v-^ii- iipV fV^ll iipV 

I [ x 1 1 ( y || || 1 ^||oj||oo(^ (I Xj || J Uq^IIqqIIxII. 

3=1 3=1 
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Similarly define jl, so that \\fi\\ < || /?|| oo || A*|| - Finally, define S G B(L P (G) ® p E ® P P1) by 

n 

S(x <g) y <g> 5j) = J^T^x) <g> y <g> ^ (x G L p (G),y e E,l<j < n). 
i=i 

If : L p (G)®pE®p£ p l — >• L p {G)®pl p l ®pE is the canonical isometry, then (pS(p~ l = T®Ie, 
so that || 5|| = ||T||. Then 

ra n 

|(/i,(M) n (T)(x))| = | ]T (/i,,M(T^)(x,))| = | ]T (M?*® J E )(%)) 

i,j=l i,j=l 

= \(fi,S(x))\ < ||/z||||z||||£|| < ||a|U|/3|U|T||||/i||||x||, 

so that M G CBp(PM p (G)) with \\M\\ pcb < ||a||oo||/9||oo, as required. 

To show that Ai c b Q -M-o, one can easily adapt Jolissaint's proof in [20] by combining 
it with Pisier's representation theorem for p-completely bounded maps (Theorem 14.11) . 
a task we now sketch. Let u G M. c b ^ -M, and let M G B(PM p (G)) be given as 
in the lemma above. By definition, M G CB P (PM P (G)), so as PM P (G) is a unital 
algebra, by the comment after Theorem 14.11 there exists E G SQ P , a p-representation 
7T : PM P {G) -> and U : L P (G) -> £ and 1/ : £ -> Iy(G) with ||17||||V|| < ||M|| pc6 , 

such that M(T) = Vii(T)U for T G PM p (G). It is clear from the definitions that ft is 
a norm-decreasing algebra homomorphism, and so tt o A p : L\{G) — > S(-E) is a norm- 
decreasing algebra homomorphism. By the discussion at the beginning of this section, 
there hence exists a one-complemented subspace F of E and a group representation 
<7 : G — > B(F). As the action of 7roA p is only non-trivial of F, and F is one-complemented, 
we loose nothing by assuming that actually E = F. We then notice that 

Va{s)U = u(s)X p (s) (sGG). 

Choose fi G L p r(G) and x G L P (G) with ||:eq|| = \\^o\\ — (/-kh^o) = 1 5 and define 
a : G -> £ and /3 : G -> £' by 

a(s) = ^(s-^t/ApWCxo), = (t( S )V / A p (s- 1 ) , (^o) (s G G), 

so that ||a||oo < ||^|| and H/^Hoo < ||V||. Hence, for s,t G G, we have that 



u(ts _1 )(yUo, A p (t" 1 )Ap(ts" 1 )Ap(s)(xo)) = u(t 



It remains to show that a and (3 are continuous. However, this follows immediately, 
as a weakly-continuous group representation is strongly continuous. Thus M. c b C A^o 
contractively, completing the proof. □ 



8.1 Herz's Multiplier algebras 

We shall now show how these ideas relate to Herz's algebras B p {G). To avoid confusion, 
we shall write instead HS P (G), for Herz-Schur multiplier. Let I be an index set, and let 
i/):/x/^Cbea function. We say that ip G V P (I) if and only if, for each T G B(£ p (I)), 
we have that Tip G B(£ P (I)), where Tip is defined by 

(%,(Til,)(6 J )) = 1>(iJ)(S; i T(6 j )) G /). 
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By the closed-graph theorem, V P (I) C B(B(£ P (I))), which gives the obvious norm on 
V P {1). ' 

Let X be a separable locally compact space, and let Xd be the space X equipped with 
the discrete topology Then we set V P (X) to be C(X x X) fl V p (Xd). Finally, suppose 
that G is a separable locally compact group, and let u £ FS P {G) if and only if ^ £ Vp(G) 
where t/> is defined by ip(s,t) = u(st _1 ) for s, t £ G. For an arbitrary G, recall that 
there is an open and closed separable subgroup H such that G is the union of left cosets 
of H. As such, we can reduce topological questions about G to questions about H, as 
G/H has the discrete topology. To avoid tedious calculations, we shall not mention such 
topological issues further. 

Proposition 8.4. Let I be an index set, let ip : I x I —>■ C be a function, and let C > 0. 
Then the following are equivalent: 

1. ^eV p (I) and W\ Vp <C; 

2. There is a measure space (O, v) and elements (xj)j e i C L p {y) and (/Xj)jg/ Q L p *{y) 
such that ip{i,j) = (fii,Xj) for each i,j £ I, and sup^ sup^ \\xj\\ < C; 

3. ip is a p- completely bounded multiplier on B(£ P (I)), with \\ip\\ pc b < C. 

Proof. These follow from Theorems 5.11 and 8.2 in [27] . □ 

Notice that if G is a discrete group, then using conditions (2) and (3) above, it is 
easy to show that FS P (G) = A4 (A p (G)) with equal norms. However, for general G, 
we have the problem that the above proposition works with G^, hence losing continuity 
conditions. 

Herz shows in [T5l Lemme 1] and [T5J Lemme 2] that we have the following alternative 
definition of V P (X). 

Proposition 8.5. Let X be a separable locally compact space, and let fi be a Radon 
measure on X such that each non-empty open subset of X has non-zero fi-measure. Then 
ip £ V P (X) if and only ifip is continuous and there exists C > such that for \i £ L P >(X, fi) 
and x £ L p (X,fj,), there exists (n n )'^ =1 C L p /(X,fi) and {x n )'^ =l C L P (X, /i) with 

oo 

fi(s)x(t)4)(s, t) = ^ fx n (s)x n (t) (s, t £ X), 

n=l 

almost everywhere in n, with Y^=i ll/^llp'H^nllp < CII/^IIp'II^IIp- 

That is, V P (X) coincides with the space of continuous multipliers of L p /(X, jj,)0L p (X, /j,), 
once we have made sense of what this means. Let G be a locally compact group with the 
Haar measure. Then the above applies to V P (G), and hence also to FS P (G). 

Let G be a locally compact group, let ip £ V P (G), and let n £ N. Let G n = 
G x {1,2, ... ,n} where {1,2, ... ,n} is given the counting measure, so that L p {G x 
{1, 2, . . . , n}) = L P {G) ® p £%. Define ^:G n xG n ^Cby 

ip n {(s,i), (t,j)) = ip(s,t) (s,t £ G, 1 < i,j < n), 

so that ip n is continuous. We shall now show that ip n £ V p {G n ), using the original 
definition of V p . Let T £ B(£ p (G n )), so we may also view T as a member of M n (B(£ p (G))), 
say T = (Tij), where 

(6* s , T^St)) = (5* s ® 8*, T(5 t ® 5,)) (s, t £ G, 1 < i, j < n). 
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Let S = ip n -T, so viewing S G M n (B{£ p {G))) , 

(6* s , S tJ (6 t )) = (6* s ® 51 fa ■ T)(5 t ® 5j)) 

= MM, (t,j)W s ® 5*,r(^ ® ^)) = vMKMiW), 

for s,t & G and 1 < z,j ; < n. By Proposition 18.41 as if) is automatically p-completely 
bounded, we see that if) n G Vp(G n ) with ||^n||y p < IMkp- 

Now let M G FS P (G), so that when if>(s,t) = u^st^ 1 ) for s,t G G, we have that 
if) G V^(G). Let M u G B(Lpi(G)®L p (G)) be the multiplier defined by ■?/>, using Herz's 
alternative definition of V P (G) as shown in Proposition 18.51 Let x G L P (G) and fi G 
L p /(G), so that a = A p (/i <g> a;) G Then 

A p (M u (/x ® = / u(tr 1 s)/i(t)x(s'H) dt = u(s)a(s) (s G G), 

so that M n drops under A p to pointwise multiplication of A P (G) by u. We hence immedi- 
ately see that FS P (G) C contractively. Combining this observation with the 
previous paragraph, we immediately have the following. 

Theorem 8.6. Let G be a locally compact group. Then FS P (G) = Ai c b(A p (G)) isomet- 
rically. 

8.2 Algebraic definitions 

In [B], a more group-theoretic characterisation of Ai c b(A p (G)) is shown, and this is used 
in [2] to show that FS 2 (G) = Ai c b(A(G)) (which we generalised above, using another 
method). 

Given sets / and J and functions u : I — > C,v : J ^ C, let u x v : I x J ^ C be 
defined by (« x v)(i,j) = u(i)v(J) for i & I and j G J. 

Proposition 8.7. Let G be a locally compact group, let 1 < p < oo, and let u G 
•M-cb(A p (G)). Then, for every locally compact group H, u x 1 H G M.(A P {G x H)) and 
\\u x 1 h \\m < \\u\\ P cb- 

Proof. By Proposition E21 we know that PM P {G)®PM P {H) = PM P (G x H). By 
the above lemma, there exists a weak*-continuous map M G B(PM P (G)) such that 
M(X p (s)) = u(s)X p (s) for s G G. Again, by the lemma, we wish to show that there exists 
a weak*-continuous map M G PM p (G x H), such that 

M(T ® S) = M{T) ®S (T G PM P (G), S G PM P (H)). 

However, this follows immediately from Theorem 16.41 which also shows that \\ux 1h\\m = 
\\M\\ < \\M\\ pcb = \\u\\ pcb . □ 

In [BJ, the converse to the above is shown in the case p = 2. Furthermore, to check 
that u is completely-bounded, it suffices to check that u x 1^ G Ai(A p (G x K)) in the 
special case that K = SU(2). However, we do not have a simple description of what 
PM P (SU{2)) is, unless p = 2. 

8.3 Multipliers and amenability 

In [32], Runde suggests a definition of a p-generalisation of the Fourier-Stieltjes algebra, 
which he denotes by B p (G). In what follows, we shall follow the conventions of Herz, 
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which means that we sometimes swap p with p' as compared to Runde. We define 
B P {G) C C(G) to be functions of the form 

a(s) = (/j,,tc(s)(x)) (seG), 

where tt : G — > B(-E') is a representation on some E G S'Qp, and x E E, fi E E' . We 
set ||a||s = inf{||/i|| ||a;||} where the infimum runs over all representations. Runde shows 
that Bp(G) is a commutative Banach algebra. It is immediate that B P (G) C A4o(A p (G)) 
contractively. 

It is shown in j32j Corollary 5.3] that when G is an amenable locally compact group, 
we have that M.(A P (G)) = B p {G) isometrically, where B P (G) is Runde's generalisation 
of the Fourier-Stieltjes algebra. We thus immediately have the following. 

Proposition 8.8. Let G be an amenable locally compact group, and let 1 < p < oo. 

Then B P (G) = M cb (A p (G)) = M(A P (G)) isometrically. 

As stated above, Nebbia and Losert (see [23]) show that A4(A(G)) = B{G) if and only 
if G is amenable. In [I], Bozejko showed that for a discrete group G, JAd,(A(G)) = B{G) 
if and only if G is amenable. A key point in the proof is that, as a Banach space, B{G) 
has cotype 2. We conjecture that Runde's algebra B p {G) has cotype max(p,p'), but we 
seem to be rather far from having the tools available to prove this. 

In unpublished lecture notes, [22], Losert shows in full generality that M. cb [A{G)) = 
B(G) only when G is amenable. The arguments are very close to those used in |23j, but 
it appears that it is not possible to simply take the result of [23] and directly deduce the 
corresponding result for JA c b(A(G)). Furthermore, Losert's arguments in [23J seem to 
depend upon the Hilbert space basis of A(G) much more than Nebbia's and Bozejko's 
arguments. We hence seem to be rather far from being able to show that Ai c b{A p (G)) = 
B p (G) only when G is amenable, when p ^ 2. 

9 Conclusions 

Compared to the operator space structure on A P (G) considered in [21], we get a contrac- 
tive quantised Banach algebra, and not just a bounded algebra product. It could also 
be argued that our approach is more natural, as A P {G) is an L p -space generalisation of 
A(G), so arguably L p spaces should be used to define a quantised structure on A P (G). 
However, our approach seems to require amenability to be introduced to get the theory 
to work perfectly. We are not aware of anyone considering multipliers in the framework 
of [21] • It would be interesting to see if Herz's ideas appear naturally in that setting, as 
they do in our setting. 

It would be interesting to investigate if Theorem 17.31 holds for any non-amenable 
groups, when p ^ 2. Furthermore, it would be interesting to try to extend the tentative 
results in Section 18.21 Surely a first step in this programme would be to study the 
algebras PM p (G) for, say, G = SU{2). Finally, surely the ideas in Section [7TT1 have scope 
for further study. 

We have hinted that perhaps the definition of a p-operator space is not correct. To be 
precise, for operators spaces, we consider not just a space E, but also the spaces ® E. 
This is reasonable, as is (up to isometric isomorphism) the only n-dimensional Hilbert 
space. For p-operator spaces, we replace with ££, but we have less justification for 
this, as there are many n-dimensional SQ P spaces. Of course, Pisier's and Le Merdy's 
results suggest that maybe this is enough, as we do get an intrinsic characterisation of 
SQ P spaces, for example. A more technical problem here is seemingly we do not have a 
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well-defined way to define a tensor product of two SQ P spaces. In [32l Section 3], Runde 
shows that given E,F e SQ P , we may define a completion of E ® F in such a way as 
to get another S'Qp space, and with a suitable mapping property holding. However, it 
seems that Runde's construction depends upon the chosen representation of E and F as 
subspaces of quotients of L p spaces. 
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